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ABSTRACT 

This thesis investigates how to approach the theory of 
integration for utilization by the non-mathematician by 
exposing its essence and by considering integration theory 
from two different points of view. The first point of view 
is via linear functionals known as the Daniell development 
and the second point of view is via measure theory. In the 
first chapter, we develop a theory of measurable functions 
and their integrals without any use of a theory of measure. 

We then use this theory of integrable functions in order to 
develop a theory of measurable functions and measurable sets. 

On the other hand, in the last chapter, we begin with an 
arbitrary measure space from which we construct, first a theory 
of measure in terms of set functions, and then a theory of 
measurable functions. Finally, we use this theory to develop 
a theory of integrable functions and their integrals. 

The resulting classes of measurable functions and integrable 
functions from the two approaches are exactly the same. 
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I. INTRODUCTION 



The definition given by Cauchy (1789-1857) is usually 
considered to be the first definition of an integral satisfying 
the modern requirements of rigor. Let f be a continuous 
function on the closed interval [a,b]. Cauchy considers the 
integral sum 

S(P) = f(x 0 )(x 1 -x Q ) + ... + f (x n -i) (x n “ x n -l> (D 

where P = {x o ,x^, . . . ,x n ) is a partition of [a,b] (i.e., a 

sequence of points satisfying the inequalities a = x o <...<x n =b. 

The inclusion PC P-^ means that all of the points of the 

partition P are contained in the partition P^ . The sums S 

possess a "limit" as the diameter of P, denoted d(P) -*• 0 which 

b 

is called the definite integral / f . 

a 

But with the growth of analysis the need to consider 
integrals of more irregular behaving functions became manifest. 

In analysis it is convenient to have a generalization of the 
integral which was considered in elementary Calculus and 
introduced in 1854 by the German mathematician Bernhard 
Riemann (1926-1866) . Riemann generalized the integral for 
functions f defined and bounded over a closed interval [a,b] . 

He partitioned the interval into smaller subintervals having 
lengths Ax^ / . . . / Ax . Then he defined the oscillation of f 
in each Ax^ as the difference between the greatest and least 
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value of f in Ax. . Next he proved that a necessary and 

N 

sufficient condition for the sums S = £ f(x.) Ax. , 

i=l 1 1 

where x^ is any value of x in Ax^, to approach a unique limit 
(so that the integral of f over [a,b] exists) as the maximum 
x ^ tends to zero is that the sum of the intervals Ax^ in 
which the oscillation of f is greater than any given number e 
must approach zero with the size of the intervals. This 
condition is always satisfied if f is continuous over [a,b]. 
Riemann then pointed out that this condition on the oscillations 
would allow one to replace "continuous function" by 
"continuous almost everywhere function" in the previous 
statement. (We will define the "almost everywhere" concept 
further on in the sequel, but intuitively it means that the 
set of points of discontinuity of f over [a,b] is a set that 
has no length, i.e., a set that does not contain any interval 
on the real line.) 

However, the Riemann Integral lacks some very desirable 
properties. For example, consider the Dirichlet function f 
defined on the real line R as follows: 

/ 

1 , for x in [0.1] and x rational 

f(x) = < 

0 , otherwise 

\ 

Next let ( r 1 ,r 2 ,...} be an enumeration of the rational numbers 
in [0,1] and define for each k 
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if x in {r 1 , . . . ,r 
if x in [0,1] - {r lt . . . ,r k > 

It is easy to show that for all x in [0,1], lim f, (x) = f(x). 

k K 

For each k, thefunction f^ is Riemann Integrable on [0,1], and 

/ f^ = 0 , but f is not Reimann Integrable because we do not 

have a unique limit for the aforementioned Riemann sums. 

Thus, the nondecreasing sequence (f^(x)} converges to f (x) 

pointwise in [0,1], but the sequence of real numbers 
1 1 
if f, } does not converge to / f (this latter integral 
0 K 0 
does not even exist in the Riemann sense) . 

The above property is, however, possessed by the general- 
ization of the Riemann integral introduced in 1904 by the 
French mathematician Henri Lebesque (1875-1941) . Lebesque 
was a student of Felix Edouard Emile Borel and a Professor 
at the College de France. Guided by Borel' s ideas and also 
by those of M. Jordan and G. Peano, he first presented his 
ideas on measure and the integral in his thesis, "Integrale, 
longueur, aire." His work considerably improved on Borel 1 s 
theory of measure and will be studied here. 

Lebesque' s Theory of Integration is based on his notion 
of "measure" of arbitrary sets of points on the real line 
which applies also to sets in n-dimensional Euclidean space. 

It turns out that a fucntion f is Riemann integrable on [a,b] 
whenever it is Lebesque Integrable there, but the converse 
is not necessarily true. The Dirichlet function f defined 
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above, for example, is not Riemann integrable over [0,1] but 

1 

it is Lebesque Integrable there and, in this case f f = 0 . 

0 

Moreover, once the classical theory of Lebesque has been 
developed for functions from R n to R it is an easy step to 
extend it to functions from R n to C, where C is the complex 
number field. 

In the second decade of this century, integration theory 
penetrated more and more into' spaces differing from the 
initial prototype of n-dimensional Euclidean space. These 
departures from Eculidean spaces were dictated mainly by the 
developments in functional analysis. It was awkward to 
associate "integration" of functions over general spaces with 
the properties of the abstract elements and subsets of those 
spaces, and thus a new approach was called for. This new 
approach was expressed in the British-American mathematician 
D.J. Daniell's definition of the integral given in 1919. 

The method of development of Daniell is quite general and can 
be used to obtain many types of integrals. We will study his 
approach in the first chapter. In subsequent years, Daniell's 
integral underwent various modifications and a number of 
different versions of his construction are currently available. 

The purpose of this thesis is to study these two approaches 
to integration theory, that of Lebesque and that of Daniell. 

In the first part, the development of the Daniell integral 
will begin with a vector lattice Cf of real -valued functions 
defined on a nonempty set X, together with a linear functional 
/ , called an integral , defined on tf! From that development. 
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we obtain the Daniell integral from which will follow the 
concept of "measure" for an arbitrary point set. In the 
second part, we will begin with the concept of this measure, 
develop its theoretical aspects, and then obtain an integral 
which is identical to the Daniell integral of the first part 
Thus we will have come full circle. 
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II. FIRST APPROACH; THE DANIELL INTEGRAL 



1. INTRODUCTION 

THe development of this chapter begins with a vector 
lattice tf of real-valued functions defined on a non-empty 
set X and a linear functional / , called an integral and 
defined on tf, satisfying the following properties: 



1) If f is in / and if f > 0, then / f _> 0 . 

2) If {f R } is a non-increasing sequence of nonnegative 
functions in £ and lim f^ (x) = 0 for all x in X, 

then lim / f, = 0 . 
k K 

The vector lattice £ in this development takes the role 
of the vector lattice of all Riemann integrable functions 
whenever the non-empty set X is some n-dimensional Euclidean 
space R n . 

Through the concept of a "null set" we will extend the 

CP <P 

vector lattice of Daniell Integrable functions from >J to cu, 
the class of all Lebesque Integrable functions whenever X is 
R n . Next, we extend £ to t/f(p a vector lattice which is the 
algebra of "measurable functions" in such a way that every 
sequence {f^} of functions in l4Cq , on verges a.e. to a limit 
function f belonging to ciL However, the class f does not 
have that convergence property. Finally, from the notion of 
a measurable function, we obtain the concept of measure 
for an arbitrary point set. 
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2. VECTOR LATTICES 



To begin, we need some basic definitions and elementary 
facts that will be used throughout the thesis. 

A metric space (X,d) is a non-empty set X together with 
a metric d defined on X such that: 

d : X x X R + 

and for all x, y, z in X the following properties hold: 

1) d(x,y) _> 0 and d(x,y) =0 if and only if x = y; 

2) d (x,y) = d (y ,x) ; 

3) d (x ,y) < d (x , z) + d(z,y) . 

Properties (1) , (2) and (3) are called, respectively, the 

positive definite, symmetric, and transitive properties. 

The diameter of a set E in a metric space (X,d) , denoted 
by d(E) is defined as follows: 

d(E) = sup{d(x,y) : x,y in E} 

The diameter of a set may be finite or infinite. If d(E) is 
finite, then E is said to be bounded . 

The distance between two sets E and F, denoted by d(E,F) 
is defined as follows: 

d (E , F) = inf{d(x,y) : x in E and y in F} . 



12 



For any pont x in a metric space (X,d) and any positive 
real number r, the open ball with center x and radius r is 
defined to be the set: 

B (x; r) = {y: d(x,y) < r} . 

If E is any set in X, we define: 

x is an interior point of E if some open ball with center 
x is contained in E; 

x is a boundary point of E if every open ball with center 
x contains at least one point of E and at least one point 
of -E, the complement of E. 

x is an exterior point of E if some open ball with center 
x is contained in -E . 

The set of all interior, boundary and exterior points of 
E are called, respectively, the interior , boundary , and 
exterior of E and are denoted by Int(E), Bdy(E) and Ext(E). 

Clearly, Int(E), Bdy(E) and Ext(E), constitue a partition 
of X; that is, they are pairwise disjoint and 

X = Int(E) (J Bdy (E) ijExt(E) . 

If E is a set such that E = Int(E) , then E is said to 
be open . 

A set E is said to be closed if its complement is open. 

If E is closed, then -E = Ext(E) or, E = Int(E) U Bdy(E) . 
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Thus, a set is closed if and only if it contains all of 
its boundary points. 

Any open set which contains A is called an open neighborhood 
of A. Any set containing an open neighborhood of A is called 
a neighborhood of A. Clearly, an open ball with center x is 
an open neighborhood of x. Also, if N is any neighborhood of 

x, then there exists an open ball B(x;r) such that B(x;r)( N. 

A point b in X is the limit of the sequence of points 

{x } in the metric space (X,d) , written lim x = b , or 
n n->°° n 

simply lim x n = b , if for each e > 0 there exists a positive 

integer n Q such that d(x n ,b) < e whenever n >_ n Q . It is 

also said that x n converges to b. 

Let (X,d^) and (Y,d 2 ) be two metric spaces. A function f 
from X to Y is said to be continuous if for every open set G 
in the range space, f ^ (G) is open in the domain, where 
f 1 (G) = {x: f (x) is in G} . 

A vector space with a multiplication property related to 
the vector space operations is called an algebra. Let us 
be more precise. 

An algebra is a linear space X with an operation, called 
multiplication, from XxX into X which has the following 
properties for all x, y, z in X and a in the field F: 



1) x (yz) 

2) x(y+z) 

3) a (xy) 



(xz)z ; 

xy + xz and (x+y) z = xz + yz ; 
(ax) y = x (ay) 
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If the multiplication is commutative, then the algebra 
is called a Commutative algebra . An algebra X is called an 
algebra with unit ( identity ) if there exists a nonzero 
element in X, denoted by e and called the multiplicative 
unit or identity , such that for all x in X 

xe = x = ex 

A relation {£tin a set A is called a partial order in A if 



1) 


a & a 


for all a 


in A; 




2) 


a St b 


and b &a 


imply a = b ; 


and 


3) 


a lb 


and b St c 


imply aStc . 





A non-empty set A with a partial order defined in it is 

called a partially ordered set . 

Let f be a real- valued function defined on a set X, and 

let A be a non-empty subset of X. The the least upper bound 

(respectively, greatest lower bound ) of the set f (A) in R* 

is called the least upper bound (respectively, greatest 

lower bound) of f in A, and is denoted by sup f (x) 

xeA 

(respectively, inf f(x) ). 

xeA 

The number a = sup f(x) is characterized by the following 
xeA 

two properties: 

1) For all x in A, f (x) <_ a 

2) For every b < a , there exists an x in A such that 
b < f (x) < a . 
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It can be shown that 



inf f(x) = - sup(-f(x)) . 
xeA xeA 

A lattice is a partially ordered set in which any two 
elements have a least upper bound and a greatest lower bound. 

The least upper bound of the elements a and b is denoted 
by a V b (a sup b) and the greatest lower bound by a Ab 
(a inf b) . 

A set which is both a linear space (i.e., vector space) 
and a lattice is called a vector lattice . 

if 

Let J be a vector lattice of real-valued functions defined 
on a non-empty arbitrary set X. Let us consider a linear 
functional /, called an integral, defined on u and satisfying 
the following two properties: 

1) If f is in if and f > 0, then / f _> 0 . 

2) If { f n > is a non 7 increasing sequence of nonnegative 
functions in d and lim f^(x) = 0 for all x in X, 
then lim / f^ = 0 . 

If for g and h in /, we define 

(g A^) (x) = min{g (x) ,h (x) } 

(g V h) (x) = max{g (x) ,h (x) } 

then g A h and g V h are the greatest lower bound and least 
upper bound, respectively, of g and h. 
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Also, the following formulas hold: 



( 1 ) 
( 2 ) 

To prove (1) , there are two cases to be considered: 

a) If g ^ h , then the left hand side gives 

(g Ah) (x) = min(g (x) ,h(x) } 

= h(x) , for every x in X 
and the right hand side gives 

i(g + h - | g-h | ) (x) = j(g(x) + h(x) - (g(x)-h(x)) 

= | 2h(x) 

= h(x) , for every x in X. 

b) If g < h , then for all x in X 

(gA h) (x) = min{g (x) ,h(x) } 

= g(x) , for every x in X. 

On the other hand, 



gA h = j (g + h - | g-h | ) 
gV h = j (g + h + | g-h | ) 



i(g + h - | g-h |) (x) = j(g(x) + h(x) - (h(x)-g(x)) 
= ~ 2g(x) 

= g(x) for every x in X 



which proves (1) . 
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By a similar argument, we obtain (2) . 

It is not difficult to show that the following properties 
hold: 

If f , g and h are in tf, then 



f A g = “ ( (~f ) V (-g) ) 


(3) 


fVg = -((-f) A (-g) ) 


(4) 


f V (g A h) = (f Vg) A (f v h) 


(5) 


(fVg)Ah = (fAh) V (gAh) 


(6) 



Also the following result is an immediate consequence of the 
definition : 

If lim g k = g and lim h^ = h , then 
lim(g k Ah k ) = g h and lim(g k V h k ) = g\/h . 

f, 

we define 

g + = gV 0 and g = - (g A 0) 

+ _ LP + 

Then g and g belong to J . Observe that g ^ 0 and 

g” >_ 0 . By an above argument 

g + = \ (|g| + g) 

and 

g" = i (|g| - g) . 



Now, since ^ is a vector lattice, for each g in 
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From these results, we obtain the following formulas: 



g = g + - g and | g | = g + + g~ . 

Let f be an extended real-valued function on X, and let 
a be any real number. We define the functions af , a + f , 

| f | a , respectively for each x in X by the formulas 
af (x) , a + f (x) , | f (x) | a . 

3. NULL SET 

For the integral there are certain sets which are 
negligible in some sense. Sets which will be negligible 
with respect to Daniell Integration can be characterized in 
terms of functions in b as we now define. 

3.1. DEFINITION . A set E in X is said to be a null set if 
there is a nondecreasing sequence {g^} of nonnegative functions 
in if such that (g^(x) } diverges to «> for each x in E and 

{ / g^} converges. 

If a proposition P(x) holds for all x except for a null 
set, then we say that P(x) holds Almost everywhere (abbreviated 
for a . a .x) . 

The following result is very useful. 

3.2. PROPOSITION . The countable union of null sets is a 
null set. 
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PROOF: Let {E T ,} be a Countable Collection of null sets. 

. k=l 

Then for each k, there exists a nondecreasing sequence 
{g, -} 00 of nonnegative functions in if such that {g, • (x) } 

3 j =1 

diverges to <» for each x in E^ and { / g k ^} converges. 



^ j=i 



Let = lim / g^. . By property (1) of if notice that { / g^. } 



is a nondecreasing sequence of nonnegative real numbers. 
Hence, for each k, there exists n(k) such that 



^ / g kj < 2 



-k 



if j > n (k) 



Define the sequence (g k j> where g^ = 9 k/n ( k )+j. 1 • 

Clearly, {g, .} is a nondecreasing sequence of nonnegative 
kj 

/) A 

functions m such that { g, . (x) } diverges to °° for each x 

K j 

A GO 

in E, and { / g, .} converges (monotonically) to M, . Also 

K kj k 



for each k 



«k - ; g kj < 2 ' 



for all j = 1,2,3,... 



Next, for each k define the sequence {h, . } where 

kD j=1 

A /S 

h kj = g kj g k,l = 9 k,n (k) +j-l " g k,n(k) . 

Then {h . }°° is a nondecreasing sequence of nonnegative 

3 r 1 

functions in f . Moreover ( h k j (x) } diverges to <» for each 



j=l 



x in E^ (because g k j does), and for every j. 



; h kj = ; g kj - ; g ki i \ - ; g : 



kl 



< 2 



-k 
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converges . 



therefore, the sequence { / h, . } 

3 j=l 

Finally, define the sequence 



m 

£ 

j=l 



h = £ h. 

m jm 



Observe that for each m 



, h is in 



CLAIM: (h (x) } diverges to <*> for each x in E = U E. . 

m • k=i k 

Let x in E so that x is in E^ for some k. Then (h^fx)} 
diverges to co so that for every positive r > 0, there 
exists n(r) such that h^j (x) > r if j :>n(r) . Now choose 
m such that m > max{k,n(r)} . Then 



CLAIM 



h (x) = £ h. (x) > h, , v (x) > r . 

m D m — k,n(r) 

: The sequence {/ h converges. For each m, 



/ h = / £ h. 

m j =1 Dm 



m 

£ / h. 

j=l 



Since integral is a linear functional. 
So 



/ h m = I f 
m j=i 



Also, since (h, . } 

*3 j=l 

negative functions, 



m -i " -i 

h . < £ 2 - 1 < £ 2 J = 1 . 

j=l 



is a nondecreasing sequence of non- 

{h } is also a nondecreasing sequence 
m 
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of nonnegative functions. Thus, { / h^} is a nondecreasing 
sequence of nonnegative real numbers that is bounded above? 
hence converges. Therefore E is a null set. 

K 

Next, we will show that the limit of the integrals of a 
sequence of fucntions that approach zero almost everywhere 
is itself zero. 

3.3. PROPOSITION . If {f^} is. a nonincreasing sequence of 
nonnegative functions in r' and lim f x (x) = 0 for a.a.x, 
then lim / f^ = 0 . 

PROOF: For each x in X, (f^Cx)} is a nonincreasing sequence 

bounded below by zero, and hence converges. Thus, let 
f (x) = lim f k (x) = 0 for a.a.x as in the hypothesis. Set 
E = {x in E: f (x) ^ 0}, so that E is a null set. Thus there 
exists a nondecreasing sequence {g^} of nonnegative functions 
in tf such that (g k (x)} diverges to «> for c in R and { /g^} 
converges. Let c = lim f g^ . We consider two cases: 
c > 0 and c = 0 (c should not be negative by property (1) 
of ^in Section 2) . 

r 

If c > 0 , let e > 0 be arbitrary and set g k = g k . 

A 

Then {g k > is a nondecreasing sequence of nonnegative functions 
in tf . Define h^ = f^ - g^ . Since f ^ +1 £ and 

“ g k+l < -g k so f k+l " g k+l ^ f k “ g k • Thus ' * h k* 1S a 
nonincreasing sequence of functions in if b ecause f/^is a real 

linear space. Also, {h k + } is a nonincreasing sequence of 

nonnegative functions in tf. Now, 
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h k + = (f k - 9 k ) + = (f k - g k ) V o 

For if x in E, then lim h k + (x) = 0 since 
lim(-g k (x) ) = 

If x in X~E, then 

lim h^ + (x) = [lim f k (x) - lim g k (x)] V 0 
= - lim g^ (x) V 0 = 0 

since g k is a nondecreasing sequence of nonnegative functions . 

Thus, lim(h k + ) (x) = 0 for every x in X. According to 
Rule (2) of in Section Z, then 

lim f h k + = 0 

Since h^ _< h k + it follows that lim f h^ _< 0 . 

Hence lim / (f^ - g^.) <_ 0 

A G G 

or lim / f k £ lim / g k = lim ^ Jc = 2 

because integral is a linear functional. Also 0 £ f k for 
every k, so we have 

0 _< lim / f k < g 

Since c > 0 is arbitrary, we conclude lim / f k = 0. 
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fk “ g k anc ^ repeat the 



Finally, if c = 0, set h k = 
above procedure. Then we obtain, as before 



lim / (f k - g k ) < 0 



or 0 £ lim / f k _< lim f g k = 0 



and the conclusion still holds. 
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The following proposition provides us with the key 
theorem needed to extend the definition of the integral to 
a class of functions larger than the vector lattice if. 



3.4. PROPOSITION . If {g k > and {h k > are nondecreasing 
sequences of functions in such that lim g k (x) £ lim h k (x) 
for a.a.x and { /g k > and { f h k > are bounded , then 



lim / g k <_ lim / h k 

PROOF : For a fixed positive i, {g^ - h k > is a nonincreasing 

sequence of functions in If since (h k ) is a nondecreasing 
sequence of functions in if. Since i^is a vector lattice, 

(gi - h k ) + = “ h k ) V 0 also belongs to if. Since {g k ) 

and {h k } are nondecreasing and lim g k _< lim h k a.e., for 
a.a.x, there exists k Q (x) such that for k > k Q (x), 
gi(x) £ h k (x) £ h k (x) “ h(x). Thus, for every k _> k Q (x) 

g^(x) - h k (x) £ 0 , then [g^(x) - h k (x)] + = 0. 

Hence, lim [g. (x) - h, (x)] + = 0 for a.a.x. 

u 1 K 
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By the previous proposition 3.3, we have 



lim f (g. - h. ) + = 0 

k ik 

Since g^ - (g i - h k ) + implies lim / (g i - h fc ) < 0 

Therefore, f g i <_ lim / h^ for every i. Since this 
inequality holds for every integer i, thus 



lim / g k _< lim / h^ 



4 . 



EXTENSION OF THE INTEGRAL TO 






C 



The development of the preceding section will now be 
extended from the integral of functions in to a larger 
class of functions. This development will be accomplished 
in two stages and the material in this section represents 
the first stage. 

4.1. DEFINITION . Let the set of real-valued functions 

g defined on X for which there is a nondecreasing sequence 
{g k > of functions in if such that lim g^(x) = g(x) for a.a.x 
and the sequence { / g^} is bounded. We define 



/ g = lim / g k . 

Since { is a bounded nondecreasing sequence of real 

numbers, then it converges. Next, because Proposition 3.4, 
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the definition of /g is independent of the particular 
sequence {g k > of functions in Therefore the definition 

of / g is well defined. 

4.2. PROPOSITION . If g and h are in if and a is a nonneqative 

/n/ 

real number , then g + h and ag are in ff and 

/ (g+h) = / g + / h and / ag = a / g 

PROOF: Let g and h be in then there are two nondecreasing 

sequences (g k ) and (h k ) of functions in such that 
lim g k (x) = g(x) and lim h k (x) = h(x) for a.a.x , and the 
sequences { / g^} and { /h k ) are bounded. Moreover 

/ h = lim / h k and / g = lim f g k 

The sequence {g k + h^,} is a nondecreasing sequence of 
functions in c/ since {g k > and {h k } are so, and is a vector 
lattice. Also 

lim(g k + h k ) (x) = lim g k (x) + lim h k (x) for a.a.x 
= g(x) + h(x) for a.a.x 

Because the integral on J/^is a linear functional it 
follows that 

f (g k + h k ) = / g k + / h k 
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Hence the sequence { / (g k + h R ) } is bounded due to the 
bounded properties of { / g R } and { / h R } . For that reason 
we have that g+h belongs to , and that 



/ (g + h) - lim f (g k + h^) = lim (/ g k + / h^) 

= lim / g k + lim f h k 
= / g + / h 



Next, if a is a nonnegative real number then {ag k > 
is a nondecreasing sequence of functions in and 



lim (ag^) = a lim g k = ag for a.a.x 

Since { / g^} is bounded then {a / g^} = { / ag k ) is 
bounded. This shows that ag is in f and 



/ ag = lim I ag k = a lim / g k = a / g 

^ G 

4.3. PROPOSITION . The class of forms a lattice. 

v 

PROOF: Let g and h be in f. Then there are two nondecreasing 

sequences {g k > and {h k > of functions in if' such that { / g^.} 
and { / h^} are bounded and {g k } and {h^.} converge almost 
everywhere to g and h, respectively. We will show that gAh 

V a/ 

is in tf. The proof that gVh is in fis similar. 

Clearly, {g k A h k > is a nondecreasing sequence of functions 
in tf Since g k (x)Ah k (x) £g k (x) then ./*g k (x) A h k (x) <_ / g k (x) 
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by Proposition 3.4. Hence, { f (g k A.h k )} is bounded. 
By (7) of Section 2, we have 



lim(g k /\h k ) 



Thus, by definition 



= lim g k /\ lim h k 
= g A h for a.a.x 



\ A h 






4.4. PROPOSITION , 
a.a.x, then 



I 



If g and h in and g(x) < h(x) for 



/ g £ / h 



PROOF: Let g and h be in J and g(x) £ h(x) for a.a.x and 

let {g k > and {h y} be nondecreasing sequences of functions in 
t/ 7 such that { /g k > and { f h k > are bounded and lim 9^.(x) 
g(x) and lim h k (x) = h(x) for a.a.x, by definition we have 



/ g = lim f g k and / h = lim f h k . 



Since g(x) _< h(x) for a.a.x then lim 9 k (x) _< lim ^ k (x) 
for a.a.x. By proposition 3.4, we have 



f g = lim/g k £ lim/h k = f h 



6 
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Let g be any element in ff. Then g is a limit of a 
nondecreasing sequence {g k > of functions in f where 
g (x) = g k (x) for every x in X and every k. The sequence {g k > 
satisfies the requirement of definition 4.1. Thus g is in Jf] 

-y 

If g is in y , it is obvious that its integral as an element 
of 'f agrees with its integral as an element of 

Also, if g is in / and g = h almost everywhere, we will 

show that h is in / and f g = f h . Indeed, let {g^} be a 

nondecreasing sequence of functions in such that 
lim g k (x) = g(x) for a.a.x. Let E^ be a null set on which 
lim g k (x) = g(x) is false. Now define f k (x) = g k (x) and 
f(x) = g(x) if x is in X-E 2 and f k = f(x) for x in E 2 / where 
E^ is a null set. Thus {f k > is a nondecreasing sequence of 
functions in ^ according to definition 4.1. This implies 
that f is in and lim / f k = / f. Morever, then / f = / g. 

In general if g is in we can not say that -g is in 

because the sequence {g^} defined in definition 4.1 such 
that lim g k (x) = g(x) for a.a.x, gives lim(-g k (x)) = -g(x) 
for a.a.x. However, the sequence {-g^ is no longer a sequence 
of functions satisfying the requirements in definition 4.1. 

Thus y 7 is not a linear space. At the next stage we will embed 
/ in a space that is a linear space. ^ 

The following is the basic convergence result for ^ . 
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4.5. PROPOSITION Let { } be a nondecreasing sequence of 
functions in f such that { / g^} is_ bounded . Then (g^(x) } 
converges for a.a.x and if g(x) = lim g^(x) for a.a.x then 
g is in [f and 

/ g = lim / g k 

PROOF: For each positive integer k let {g, .}°° be the 

kD j=l 

sequence of functions required by the definition for giving 
the following tableau: 



g ll 


g 12 


• * • g lm • • 


1 • g ln 


~y 


g i 


g 21 


g 22 


* * * g 2m ' ' 


' * g 2n 


-y 


g 2 


g ml 


g m2 


* * " g mm 


‘ * g mn 




g m 



then {h m > is a 
Since for all j , 

(4.6) h m (x) - g l (x) ^ 92 (x) ^ ••• ^ g m (x) = g m (x) 
for a.a.x and, therefore, f h m <_ f g m 



If we define h m = g lm V g 2m V ... Vg M , 
nondecreasing sequence of functions in . 
g k j (x) <_ g k (x) for a.a.x it follows that 
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This shows that { / h m ) is bounded and, hence, converges 
From the definition of a null set on which { h m ) diverges to «» 
{h^} must then converge almost everywhere (except on the null 
set) . 

If we let h be a function such that h(x) = lim h m (x) 
for a.a.x, then h is in P and / h = lim f h m . 

For each k and for m >_ k we have: 

9km (x) - V x) for a11 x 

and therefore taking the limit with respect to m, we obtain 

lim g, = g,(x) < lim h (x) = h(x) for a.a.x. 

Km k — ^ m 

m m 

Thus, {g^} is a nondecreasing sequence. It follows that 
the limit with respect to k exists for a.a.x. 

Moreover, lim g^(x) = g(x) <. h(x) for a.a.x. Also by 
(4.6) we have h (x) _< g(x) for a.a.x. Thus g is in <fand 
/ g = / h . Since 

h^(x) £ g m (x) _< h (x) for a.a.x, 

propoaition 4.4 implies that / h m j< / g m £ / h for all k 

/ h = lim / h m <_ lim / g m = / h 

Thus / g = lim f g^ 
completing the proof. 

B 
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The following result is an immediate consequence of 
Proposition 4.5 and is sometimes more convenient to apply. 

4.7. COROLLARY . Let ^ be a sequence of nonnegative 
.Q m 

functions in j such that { f Z h n } is bounded. Then 

k=l K 

oo oo 

Z h v (x) converges for a.a.x and if g(x) = Z h, (x) for 
k=l K k=l K 

^ oo 

a.a.x, then g is in !f and / g = Z f h, . 

k=l K 



PROOF: Let g = Z h, . Since {h, } is a sequence of 

m , . k k 

k=l — - 

nonnegative functions in !f then {g^} is a sequence of 

nondecreasing functions in if, 
m 

Now { / g } - {I Z h, } so { / g } is bounded since 
m ^ ™ 

m 

{ Z f h, is bounded. By Proposition 4.5, {g (x) } converges 
k=l K m 

00 

for a.a.x. Thus, Z h, (x) converges for a.a.x. 
k=L K 

00 

Let g (x) = lim g (x) = Z h, (x) for a.a.x. By (4.5) 



k=l 



g is in f and 



/ g = lim / g m = lim f Z h, 
m m k=l K 



lim Z f h, 
m k=l K 



= E / h 
k=l * 
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5. THE DANIELL INTEGRAL 

Since the difference of two functions in 5^ need not be 
in C f t the class is not generally a linear space. We next 
define a set which contains and is also a linear space. 

5.1. DEFINITION . Let 5? be the set of all real-valued 
functions f defined on the nonempty set X such that f = g - h 
a.e. where g and h are in ?. . 

The set is called the set of Daniell Integrable 
functions on X and the Daniell Integral of f is defined as 
follows : 

f f = / g - / h 

To justify the above definition of the integral, suppose 
f = g - h a.e. and f = g 1 - h 1 a.e. where g, h, g 1 and h 1 
are in if. Then 

g + = g 1 + h a.e. 

Therefore / g + /h^ = /(g+ h^) = f (g^ + h) = / g-^ + / h 

Then / g - f h = / g^_ - / h-^ 

Note that if f is in if and f 2 = f ^ a.e. then f 2 is in ^ 
and / f 1 = / f 2 . Also, / is a subset of if. If f is in 
y, then its Daniell integral clearly agrees with its integral 
as an element of f. 
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We now consider the basic properties of Jo as well as 
the integral over SC. 

5.2. THEOREM . The set jf is a linear space and the integral 
is a linear functional on 

PROOF. Let g and f be in SC, and let a be an arbitrary real 
number. We will show f + g and af belong to £ and that 

/ (f+g) = / f + / g and / af = a / f . 

Since f and g are in CE we have f = f an< ^ g = ^l~ g 2 

a.e., where f^ r f 2 , g-j^ and g 2 are in !f, and f f = / f 1 - / f. 

and / g = / g-j_ - / g 2 • 

Now, f+g - (fj^+g^) = (f 2 +g 2 ) a.e. 

By Proposition 4.2, it follows that f^+g^ an< ^ f 2 +g 2 are 
y*. Therefore f+g is in SC. 

Also 

I (f+g) = / (f^g^ - / (f 2 +g 2 ) 

= / f 1 + / g 1 - ( / f 2 + / g 2 ) 

= ( / f-L “ / f 2 ) + ( f - / g 2 ) 

= / f + / g 

Likewise, af = a(f^-f 2 ) = af^ - af 2 a.e. 

If a > 0 , then af 1 and af 2 are in if. Thus af is in £. 
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If a < 0 



, then (-a)^ and (-a) f 2 are in 9*, and 
af = af x - af 2 = (-a)f 2 - (-a ) ± 1 a.e. 

Thus in either case af is in if 7 . 

Also for a > 0 



/ af = / a ( f x ”f 2 ) = f (af x - af 2 ) = / af ± - / af 2 
= a f f x - a f f 2 = a ( / f x - / f 2 ) 

= a / f . 

Similarly for a < 0 



/ af = / (-af 2 - (-a)f 1 ) = / (-a) f 2 - / (-a)f x 

= -a f f 2 + a / f 1 = a(/ f ± - / f 2 ) 

= a f f . 



and the proof is complete. 



5.3. THEOREM. The space is 



lattice . 



PROOF. Take g and f in and suppose f = a.e., 

where f^ and f 2 are in y>. Then A f 2 and f ^ V f 2 are in 

since is a lattice (Proposition 4.3). Recall that 



f 1 A f 2 = I (f l + f 2 - l f l- f 2 l> 

and f x Vf 2 = (f x + f 2 + |f 1 -f 2 D 
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Hence, we have |f| = |f^-f 2 | = (f^V f 2 ^ “ (f^ A f 2 ) 
a.e., therefore, |f| is in if From this result and Theorem 
5.2, we have 



f Ag = j (f + g - | f-g | ) and f Vg = j (f + g + |f-g|) 



both belong to -^completing the argument. 



I 



Theorem 5.2 and 5.3 imply that is a vector lattice. 
Note too that in the proof of 5.3, we have shown that if f 
is in then If I is also in . 



5 . 4 THEOREM . If f is in J? and f _> 0 a.e. then / f _> 0 . 

PROOF. Let f = g - h a.e. where g and h are in f. Then 
f >_ 0 a.e . implies that g - h >, 0 a.e., thus g >_ h a.e . 
Hence, by Proposition 4.4 



f g > f h 



Accordingly, /f=/g-/h_>0 . 

6 

Using the results of the previous theorems we obtain the 
next three Corollaries. 

5.5. COROLLARY. If f and g are in and f £ g a.e., then 
f f < f g . 



36 



PROOF. Since f _< g a.e., then g-f _> 0 a.e. 

By Proposition 5.4, we have / g - / f > 0. 

Thus 

f f < f g 

I 

5.6. COROLLARY. If f is in X, then | f | is in £ and 

I ff \ i f I f I . 

PROOF. In the Proof of Theorem 5.3, we have shown that if 
f is in then | f | is also in £ 

Now, since f _< | f | , then according to Corollary 5.5, 

/ f < f |f | . 

Thus 

I /f| i l / if i I 



By Theorem 5.4, since |f| _> 0 implies f | f | j> 0 , we have 
| f f\ _< / | f | as desired. 



5.7. COROLLARY. 



and f 



are in £ 



The function f is in 



4 ? if and only if f 



+ 



PROOF. Suppose f is in X, then by Corollary 5.6, |f| is 
in Jf. In Section 2, we have shown that 

f + = | ( | f | + f ) and f" = | ( | f | - f) . 

Since is a vector space, then f + and f are in £ 

Conversely, let f + and f be in In Section 2, we have 

shown also that f = f + - f . 

Thus f is in 
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6. SOME CONVERGENCE THEOREMS 

Before proving the basic convergence theorem for functions 
in £, which is due to the Italian mathematician Beppo Levi 
(1875-1961) , we observe the following very useful result for ©£. 

6.1. PROPOSITION. Given any e > 0, there exists functions 
g' and h ' in. such that f = g ' - h ' , g ' ^ 0 and h 1 ^ 0 
a .e . , and / h ' < e . 

PROOF. Suppose f is a nonnegative function in c^and f = g-h 
a.e. where g and h are in if. Since h is in if there is a 
nondecreasing sequence {h^} of functions in if such that 
lim h^(x) = h (x) for a.a.x and lim / h^ = / h . Thus, for 
every e > 0, there exists an integer k Q such that 



0</h-/h^<e whenever k _> k Q . 



Now, let h' = h + (-h, ) and g' = g + (-h^ ) 

K o K o 

Since -h. is in ycjf then h' and g' are in if by Proposition 
no 

4.2, and f = g'-h' = g-h a.e. Moreover, h* £ 0 a.e. by 
the definition of the sequence {h^} , and 0 <_ f h' <_ e . 

Also g* = h* + f a.e. implies that g'^ 0 a.e. concluding 
the proof. 



8 
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6.2. THEOREM. (LEVI) Let {f^} be a sequence of functions in 

J£ which 'are nonnegative a.e. such that { J* £ f^} is 

S ' k=l K 

bounded . Then E f. (x) converges for a.a.x and if 
k=l K 

f (x) = E f, (x) for a.a.x then f is inland 
k=l K 



/ f = Z / f k 
' k=l K 



PROOF. For each k, we represent f^. = g^ - h^ a.e. where g^ , 
h^ are nonnegative functions in if and / h k < ^ by 
Proposition 6.1. Since {h,} is a sequence of nonegative 

a m 

functions in J such that / E h, < 1 for all m. Corollary 

k=l K “ 

00 

4.7 implies that E h, (x) converges for a.a.x, and if 
k=l K 

h(x) = E h, (x) 'for a.a.x, then h is in if and 
k=l K 



oo m 

f h = E / h, . Now, since { f E f, } is bounded, there 
k=l k k=l K 

m 

is a real number c such that / E f. < c for all m. 

k=l 

Moreover, let g^ = f k + h^ so that 



m 

/ E 
k=l 



; 



m 

E 

k=l 



+ 



m 

f Z 
k=l 



< c + 1 



Therefore, we again appeal to Corollary 4.7 obtaining 

oo 

that E g, (x) converges for a.a.x, and if 
k=l 



g (x) = E g, (x) for a.a.x, then g is in J and 
k=l 
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00 m m m 

f 9 = 2 / g k • Since £ f, = £ g, - £ h, it follows 

k=l K k=l k=l k k=l k 

00 00 
that £ f, converges for a.a.x and if f(x) = £ f, (x) , 

k=i K je»i k 

then f = g-h for a.a.x where g and h are in J •, thus f is 

in if. 

00 00 

Finally, /f = /g-/h = £ / g, - £ / h, 

k=l K k-1 k 



= £ 
k=l 
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x We have the corresponding results for sequences. 



6.3. COROLLARY. (Monotone Convergence Theorem) 

Let {g k > be an a.e. nondecreasing sequence of functions 
in such that { / g m > is bounded . Then {g^(x) } converges 
for a.a.x and if g(x) = lim g^(x) a.a.x, then g jls iri and 



/ g = lim / g k . 



PROOF. Let f k : 
{f^} is an a.e. 

m 

Since / £ 

k=l 



: g k ~ Sk-l ^° r k il 2 and let f^ = g 
nonnegative sequence of functions in 






f k 5 (g m+l " g l ) f g m+l 1 g l 



Then 



Now g^ is in so let c = / g^ . Then 



m 

(/ £ f k > = 

k=l K 



{ /g m+l } 



c . 
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Since, { / 9 m+1 } is bounded, it is clear that { / Z f } 

k=l 

is bounded. By Levi's Theorem, Z f ( x) converges for 
00 k=l K 

a.a.x and since Z f k (x) = g m+l^ x ^ “ g^(x) for a>a * x 

Then the limit of g m (x) exists for a.a.x and (g k (x)} converges 
for a.a.x. 



Also, by Levi's thoerem, if f (x) 
then f is in £ 



If g (x) = lim 9 k (x) for a.a.x, 
for a.a.x. Since f and g^ are in !£ 



= Z f (x) for a.a.x, 
k=l K 

then g(x) = f(x) + g^ (x) 
, then g is in £ and 



/g=/f+/g 1 . 



Finally, by Levi's Theorem we have 



f 9 = Z / f + / g 
k=l K 1 



= lim ; g m+1 - / g x + / g x 
= lim f g 

n 

e 

In corollary 6.3 the same conclusion holds if (g k ) is 
an a.e. nonincreasing sequence. The following example shows 
that the condition that the sequence (g k ) be monotone is 
needed in the previous result. 

Example: For any positive integer k let f k be the 

function from R into R defined by 
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• f k (x) 



2 



,k 




0 



otherwise 



It is clear that {f^} is not a monotone sequence of functions. 

If f (x) = lim f v (x) = °° then / f is unbounded. On the 
k K 

other hand 



So lim / f, =1. 

k K 

Thus / f ^ lim / f^ 

From the definition of an integrable function, it is 
clear that the null set is insignificant in Daniell 
Integration. More precisely, if f^ is inland f = f 2 a.e., 
then f 2 is in £ and / f ^ = / f 2 . 

We next show the converse: if a set is insignificant 

with respect to integration, then it is a null set. 

6.4. PROPOSITION . If f i£ iri £ and / | f | = 0 , then 

f = 0 a.e. 

PROOF. Suppose f is in X. Let g k = k | f | for each integer 
k. Then {g^} is a nondecreasing sequence of fucntions in £ 
such that { /g^} is bounded. Therefore, by the Monotone 
Convergence Theorem, {g^(x)} converges for a.a.x. However, 





,-k+l 



1 for all k 
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g^(x) = k|f(x)| converges only at those points x such that 
f (x) = 0 a.e. (if not so, g^(x) diverges to «) concluding 
the proof. 

The next result characterizes the concept of a null set 
in terms of the Daniell integral of an appropriate function 
We need the following definition. 

For any subset E in X, the Characteristic Function x E 
of E is defined as follows: 




0 



1 



otherwise 



for x in E 



We will establish the following formulas. 



( 1 ) 




X E 1 V 



( 2 ) 



XE.jnE 2 X E ± A Xe 2 



( 3 ) 




PROOF. 



(1) For every x in E^UEj 





For every x in X - (E^JE 2 ) , then 
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(2) For every x in E^ fi E 2 



then 



x Ei oe 2 (x) " 1 and x Ei Ax E2 = i 

For every x in X-fE^E^ , then 

Xe 1 oe 2 (3 ? ) = 0 = <x E i A x E2 ) (x) = o 

Hence, 

x E;L n e 2 = x Ei Ax E2 

(3) For every x in E^E^ implies x is in E^ but not 
in E 2 , then 




and (x P “ (x F A Xp )) (x) = 1 

E 1 E 1 b 2 

For every x in X-(E^-E 2 ) then x is in E 2 but not in E^. 
We have 

x E;l -e 2 = 0 and ( x El - <x El A Xe 2 > (X) = 0 . 

This concludes the proof. 
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6.5. COROLLARY. A su bset E in X is_ a null set if and only 
if X E is in if and / x E = 0 • 

PROOF. Suppose E is a null set, then X E = 0. a.e. Since 
0. is in it follows that x E is i n £ and / x E = / P. - 0 
Conversely, suppose x E is incf and / x E = 0 • Since 
X E > 0, we have / | x E | - 0 . By Proposition 6.4, x E = £ 
a.e. This shows that E is a null set completing the proof. 

Before proving another convergence theorem we will prove 
an important lemma due to the French mathematician Pierre 
Fa toll (1878-1929). First a few basic definitions are helpful. 

The lower limit and upper limit of a sequence (x n > are 
defined, respectively, as follows: 



lim ^ = 



lim 

k-*°o 



lim x n = 
Now let 



lim 

k->°° 



inf{x :n>k} = sup inf{x :n>k} 
n - / n - 

sup{x :n>k} = inf sup{x :n>_k} 
n - k n 

x k A ... A x j = inf {x k , . . . ,Xj} 
x k V ... V Xj = sup{x k/ x k+1 , . . 



- x j } 



From the above definitions of the lower limit and the 
upper limit, we can obtain the following characterizations: 
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and 



lim 


(lim 


(x, A < 


...Ax,)) 


k-*<» 


j -yco 


K 


D 


lim 


(lim 


(x k v . 


... Vxj) ) 


k+oo 


j -M» 





To prove these characteristics, we only have to show that 



inf {x :n>k} = lim (x t Ax. ,,A ...Ax,) 
n - j^oo K K+i 3 



and sup{x :n>k} = lim (x, Vx, ,, V ... Vx.) . 

n “ j->00 K k+1 3 



The proof is completed by definition. 



1 



6.6. LEMMA. (Fatou) If {f^} _is a sequence of functions in 
£ and g is a function in £ such that, for all n, f n (x) g(x) 
for a.a.x and lim / f R < «» , then lim f n (x) exists for a.a.x 
and , if f (x) = lim f^ (x) for a.a.x, f is. in £ and / f <_ lim / f n . 



PROOF. 



Let us consider the lower limit of a sequence of 



functions in 



lim f k (x) = lim (lim (f k (x)A ••• Af. (x) ) ) 

j ->co J 



for all values of x where these limits exist. 
Let 

h kj = f k A ...A f j forj>k. 
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For a fixed k, {h k ^ } is a nonincreasing sequence of 
functions in j£ because 



h k,j+i = h kj Af j+i i for a11 



and £ is a vector lattice. Since for all k, f k (x) ±_ g(x) 
for a.a.x then >_ g a.e. Therefore, the sequence { / h^ ^ } 

is bounded below by / g. It follows from the Monotone 
Convergence Theorem that {h, • (x) } converges a.e. 

K J 

Also, if h, (x) = lim h. . (x) for a.a.x, then h, is in £ 

K j-foo K 

and / h t = lim / h^ ^ . Since, for all j _> k, h^_. f v 



kj 



we have h^ (x) £ f k (x) f° r a * a,x an d/ therefore, 

/ h k < / f k • Since h kj = f k h k+1>j < h k+lfj for all j and 
k, the sequence {h^} is an a.e. nondecreasing sequence of 
functions in £ Thus { / h k } is a nondecreasing sequence of 
real numbers such that 



lim / h, = lim / h, < lim / f, < 
K \ z — K — k k 



Again, by the Monotone Convergence Theorem, (h^Cx)} 
converges for a.a.x and if h(x) = lim h^ (x) for a.a.x, then 
h is in <^and 



/ h = lim / h k £ lim / f^ 
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Furthermore, since h,(x) = lim f,(x)A ... Af.(x) 

i -+CQ K 3 



for all k, then lim f, (x) = lim h (x) = lim h, (x) 

k K K 

Therefore, since {h, (x) } converges a.e. then lim f, (x) 
K k 



exists a.e., and if f (x) = lim f k (x) a.e. then f(x) = h(x) 



a.e., this shows that f is in £ because h is in 
Finally, since f = h a.e., we have 



/ f = / h = lim / h, < lim / f, 
K k 



A similar result holds for the upper limit. 

6.7. LEMMA (Fatou) If {f^} is> a sequence of functions in S? 

and g ijs a function in £ such that , for all k, f k (x) £ g(x) 

for a.a.x and lim / f, > -« , then lim f, (x) is finite for a.a.x 
— k __ k k k — 

and , if f(x) = lim f (x) for a.a.x, f is in and 
k K 



/ f • > lim f f. 



PROOF. Let -f k (x) = h k (x) for all k and all x, and let 
-f (x) = h (x) for all x. Using Fatou f s lemma, the above 
result is easily established using the fact that 



lim f t (x) 
k K 



lim (~f, (x)) 

IT k 



I 
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A natural and important question to consider in Integration 
theory is that of "taking the limit under the Integral sign." 
Roughly speaking, this means finding conditions under which 
lim / f n = f lim f n . From the two previous lemmas, we obtain 
the following important Dominated Convergence Theorem. 

6.8. THEOREM . (Lebesque Dominated Convergence) 

Let { f k } be a sequence of functions in £ such that 
(f k (x)} converges for a.a.x and , for all k, | f jJ £ g a.e. 
for some function g iri £ . I_f f(x) = lim f^Cx) for a.a.x, 
then f i_s in X and 

/ f = lim / f k 

PROOF. Since for all k, -g(x) £ f^(x) £ g(x) for a.a.x and 
f k , g are in £C, then 

- / g < / f k < / g 

and, therefore , { / f^} is bounded above and below. It follows 
that 

lim / f k > /(- g) > -°° and 
lim / f k <f g < 00 
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Thus, the conditions for Fatou's lemmas 6.6 and 6.7 
are satisfied. Therefore, if 



f(x) = lim f k (x) = lim f k (x) = lim f k (x) a.e., 



then f is in 



and 



[Tm / f k <_ 



/ f < 



lim V f k 



But we always have lim / f k lim / f k 
Hence lim / f k = Tim / f k = lim / f k = / f 



completing the proof. 



7. MEASURABLE FUNCTIONS 



I 



If in the Lebesque Dominated Convergence Theorem we do 
not have the hypothesis that the sequence {f k } of functions 
in £ is bounded by an integrable function, then we can no 
longer conclude that the limit function is integrable. 

Example. Consider the following sequence {f k > of functions 
defined over X = R, where 



f k (x) 



1 if X is in [-k,k] 
0 elsewhere 
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In this case, f k is in if because for each k, is a step 
function. Thus, f k is in t for each k. Moreover, there does 
not exist a function g in 2 such that | f k | <_ q a.e. for 
all k. In fact, lim f k (x) = f (x) = '1 for every x in R, 
and we know that 1^ is not an integrable function on the 
whole real line. 

Cf 

Suppose (f k ) is a sequence of functions in <=L and 
lim f k (x) = f(x) for a.a.x. Take g in £ such that g ^ 0 
and let 



h k = (-g) V (f k A g) . Then 





-g(x) 


if 


f k (x) 


< 


-g (x) 


\(x) = < 


f k (x) 


if 


-g(x) 


< 


f k (x) £ g (x) 




g (x). 


if 


f k ( x) 


> 


g(x) 



h. is the function f. cut off above and below by the 
k K 

integrable function g. 

Since {h k } is a sequence of functions in r Sf*such that 
|h k | < g and 

lim h k (x) = (~9) V (f k Ag) (x) a.e. 

= (-g) V (lim f k A g) (x) a.e. 

= (-g) V (f Ag) (x) a.e. 
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By the Lebesque Dominated Convergence Theorem, (-g) \/( f Ag) 
is integrable. This motivates the following definition. 

7.1. DEFINITION. A function f from a nomempty set X into R 
is said to be measurable if, for each g in if such that 
g j> 0 , (-g) V (f Ag) is integrable. 

We denote the set of measurable functions by 
We observe that, every entegrable function is measurable, 
that is £ is a subset of ^6. For if f is in ^ , and g >_ 0 
is integrable, then (-g) V(f Ag) is integrable (because 
is a vector lattice) . 

Now, if f ^ is in , and f^ = a.e., then for each 

g in ^ with g _> 0 , 

(-g) V (f]_Ag) = (-g) \/ (f 2 A g) for a.e. 

Since (-g) \J (f 1 ^ g) is integrable, then by previous results 
in , (-g) V (f 2 Ag) is integrable or is in ^ // &. Moreover, 

it is clear that / f 1 = / f 2 • 

If f is in and | f | _< g for g in cf then 

f = (-g) v (f Ag) . 

Therefore, f is integrable. That is, a measurable function 
which is bounded by an integrable function is integrable . 



52 



This observation allows us to rewrite the Lebesque 
Dominated Convergence as follows: 

7.2. THEOREM. (Lebesque Dominated Convergence) 

If {f^} £s_ a sequence of measurable functions such that , 
for all k , | f k | £ g f or some integrable function g , and 

if f (x) = lim f k (x) for a.a.x, then f ijs integrable and 
/ f = lim / f k . 

We now show that unlike x.ck. is closed with respect to 
a.e. pointwise convergence. 

7.3. THEOREM. If {f^} is a sequence of functions in_ and 
f (x) = lim f n (x) for a.a.x, then f i_s in cfC . 

PROOF. Let g be an integrable function such that g _> 0 , 
and let 



h k = (-g) V (f Ag) . 

Then by definition 7.1, h^ is in ^ , and |h k | £ 9 because 

h, is the function f, cut off above and below by g. Moreover, 
k k 

lim h k (x) = (-g(x) ) V (f (x) Ag(x) ) for a.a.x. 

Thus, {h^,} is as the role of {f^} i n the Lebesque Dominated 
Convergence Theorem. Thus (-g) V (f Ag) is in v and, hence, 
f is inc/A by definition 7.1. 

i 
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In order to show that U'l is a vector lattice, the following 
theorem is useful. 

7.4. THEOREM. A function f:x R is measurable if and only 
if the function g v (f a h) i_s integrable for every choice 
of integrable functions g and h such that g < 0 < h . 

PROOF. Let f be a measurable function. Let g and h be the 
integrable functions such that * g _< 0 _< h . We have two 
possibilities. 

a) If | g | _< h , then we have 

g V(f Ah) _< |g V(f Ah) | < |-h V(f Ah) | 

Since -hv(f/\h) is integrable by definition 7.4, then 
g V(f Ah) is integrable. 

(b) If | g | > h , then we have 

gV(fAh) £ |g V (f A h) | £ |g V (f A (-g) ) | 

and by the same argument gV(f Ah) is integrable. In 
either case, we always have the same result. 

Conversely, if gv(f/\h) is integrable, we will show 
that f is a measurable function. 

If | g | _> h then 

(-h) V (f Ah) < | g v (f A h) | 
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Since gv(fAh) is integrable, so is |gv(fAh)| . This 
implies (~h) v(f/\h) is integrable. Then by definition 
f is inc/^. 

If | g | <_ h then 

gV(f A (-g) ) <_ | g V (f a h) | 



By the same argument, g V (f A (-g) ) is integrable or f is 
in 

This completes the proof. 

7.5. PROPOSITION. The class ^/^ forms a vector lattice . 

PROOF. First we will show that db is a real linear space. 

Suppose that f ^ and f 2 in cK t and ct'O in R are all 
arbitrary. By Theorem 7.4 characterizing measurable functions, 
if g and h are in and g < 0 < h then 



g v (cf/ h) = c( — v(f a-)) if c > 0 
1 c c 



(1) 



and u ~ 

g V (cf^h) = c( I v(f x A |)) if c < 0 (2) 

It can be verified directly by definition. 

Since ^ and — are integrable, the function g v (cf-, a h) 
c c ^ 

is integrable or c^ is in dL The result is of course trivial 
if c=0. 
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We now let p n = n(h-g) 

and F nl = (- P n ^ V (f l A p n } ; and 

F n2 = <- p n> V(f 2 Ap n> • 

Set F n = F nl + F n2 and observe that, g <_ 0 _< h implies 

that p n _> 0 and p n is integrable. It then follows that 
F nl anc ^ F n2 are i nte 9 ra t ,le definition; and hence F n is 
integrable. Since F n is integrable, it is measurable by the 
previous result. Hence g (F r h) is integrable. Observe 
further that g _< g (-F R h) _< h where |g V (F n A h) | _< (-g) V h. 

We now claim that {g v (FA h) } converges to 
g V ( (f ^+f 2 ) ^ h) as n tends to infinity. 

Let f = f 1 +f 2 . If x is such that h(x) - g(x) =0 
then h(x) = g(x) = 0 (because g £ 0 £ h) and both of 
g V (F r /\ h) and g v (f Ah) have the value 0 at x; hence this 

case is disposed of. If x is such that h(x) - g(x) > 0, 

we see that P n ^ x ) = n(h-g) (x) tends to infinity as n tends 
to infinity. We have the following three cases: 

If f^(x) is finite, then 

f nl {x) = ("Pn 5 V (f l Ap n } (x) im P lies F n l (x) = f l (x) • 

If f 1 (x) = 00 , then F nl (x) = P R (x) and if (x) = , 

then F nl (x) = “P n ( x )« Likewise for F r2 . These observations 
enable us to compute the limit of F n (x) as follows: 
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If f n and f 9 are finite then lim F (x) = (f n +f 0 )(x) 

1 z n n 12 

If f 1 or f 2 or both are infinite, then the limit of F n (x) 

and (f^+f 2 ) (x) have the value infinity. Therefore 

lim (g v (F a h) ) = gv((f +f )Ah) 

n->oo 

as claimed. It then follows by Proposition 7.3 that 

gV((fi+y ^ is integrable, and hence that cf^ and 

— / 

f^+f 2 are in ^ . 

Finally, we will show that is a lattice. Suppose 
f^ and f 2 are measurable functions. When g and h are in // 
and 9 £ 0 £ h . Then by (5) and (6) in Section 2, we have 

g V ( (f x a f 2 ) A h) = g V ( (f 1 A h) a (f 2 a h) ) 

= (g V ( f x a h) ) A (g v ( f 2 a h) ) 

because is a vector lattice. Thus f ^ A f 2 is measurable. 
Similarly, we have 

gV(( f i v f 2 )Ah) = (g v (f 1 A h) ) V ( g v (f 2 A h) ) 

and hence ^A f 2 is in c/C. Therefore ,/?£ is a lattice. 

This concludes the proof. 
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We observe from the above result that, if f is in^then 
f = fVo, f = - ( f A 0 ) and f = f + + f are in JQ 

In general, it is not true that M is an algebra. However, 
if the vector lattice has the following additional property 
introduced by the American mathematician Marshall H. Stone 
(1903- ) then c/C is an algebra. We will establish that 

result in several stages. 

The following result is also needed. 



7.6. 


PROPOSITION. If 


{ f } is a sequence 


of functions in c/C 


and 


g(x) = 


inf 

k 


f k (x) 


, G (x) = Sup f, (x) 
k K 


, h (x) = lim f. (x) 
k K 


and 


H (x) = 


W 


f k (x) 


for a.a.x, then g. 


G, h and H are in ^ 








k 


k 




PROOF. Let 




ii 

i_i . 


U . G k = V f i ' 
3 K j=l 3 


then , by 



definition and results concerning lim and lim ,g(x) = lim g k (x) 
and G(x) = lim (x) for a.a.x. Because is a vector 
lattice, {g k > and {G^} are sequences of functions in c/6 . 
Therefore, g and G are in c/C by 7.3. 

Next, let h = lim f£ and H = lim f” 

where f' = lim (f k A ••• Af.) 

^ j->oo ^ 

and f" = lim (f R V . . . Vf.= ) 

Propositions 7.3 and 7.5 imply that h and H are in % 

I 
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7.7. STONE'S AXIOM. If. f is in f , then 1 Af i_s also 
in^ 

7.8. PROPOSITION. If if satisfies Stone ' s Axiom , then 

i ill c ^ • 

PROOF. First we prove that if also satisfies Stone's Axiom. 

Let h be in if , then there exists a nondecreasing sequence 
{h^.} of functions in f such that lim h k (x) = h(x) for a.a.x 
and {/ h^} is bounded. Therefore, {1 Ah^} is a nondecreasing 
sequence of functions in X (by assumption) and 
lim(l Ah k ) = 1 Ah . Also, _1 Ah k £ h k for a11 k so that 
I (lAh k ) < f h k . Hence, { f (lAh k )} is bounded. Thus, 

(1 A h) is in as claimed. 

Now let f in x, with f >_ 0 , be arbitrary. We want to 
show that (-f ) v (1 A f ) is in X. Since f is in <3?, there 
exists g and h in 3^ such that f = g - h a.e., and g h. 
Moreover, since g and h are in f, then there are two non- 
decreasing sequences {g k } and {h k ) in ff with lim g k (x) = g(x) 

and lim h k (x) = h(x) for a.a.x and { / g k > and { / h k > 
both bounded, say by G and H for definiteness. Fix i and 
consider the sequence {g k - g i > : it is a nondecreasing 

sequence of functions in ff such that 

/ (g^-g^) < / g k + / h^ < G + H so that the sequence 
{ f (g k ~h^) } is bounded. Thus 

lim (g k -h i ) (x) = lim g k (x) - h ± (x) = g(x) - h ± (x) a.e. 
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so that by the definition of U] g-h i belongs to tf for every 
positive integer i. 

• We define f k = g-h k so that belongs to £ for every k. 
Since {h k > is a nondecreasing sequence, it follows that { f ^ } 
is a nonincreasing sequence of functions in ^ Since f a 1 
belongs to £ we have (f^A 1} is a nonincreasing sequence 
in f. Moreover , 



lim f k (x) = g(x) - lim h k (x) = g(x) - h(x) a.e. 

= f(x) for a.a.x 



Thus, lim(f k (x)Al) = f(x)Al for a.a.x. 

Also, by the first part, since g-h is in then (g-h) Al 
is also in £ and from (g-h) Al ^ (g-h k ) Al for every k, 
we obtain 



/ ((g-h) Al) < / ( f k a 1 ) for all k 



Thus 



, { /(f k A 1) } is a sequence in tf cl £ bounded below. 



By 



the Monotone Convergence Theorem 6 . 3 we have 

lim(f k A 1) (x) = (f Al) (x) for a.a.x. This implies that 

f Al belongs to 

Finally, (-f) is in if so that (-f) V (f Al) belongs to 
£ since £ is a vector lattice. Thus 1 belongs to jltc - 



I 
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We can use these results to show that cK is an algebra. 

7.9. PROPOSITION. I_f t satisfies Stone * s Axiom then cAC is 
an algebra . 

PROOF. Since sati sfies Stone’s Axiom, by 7.7, 1 is in 
Since cJ&is a vector lattice, then for every real number r, 
we define r = r-1^ , therefore r_ belongs to . 

We now show that if f is in ofC , then f 2 is also in cJC, 

Let {r k :k=l , 2 , . . . } be an enumeration of the rational 

2 

numbers in R. For each x in X, inf(f(x)-r.) =0 so that 

k K 



f 2 (x) + inf(-2r k f(x) + r^ 2 ) 
k 



2 . - 2 . 
Therefore, f (x) = - inf(-2r k f(x) + r k ) 



= sup (2r k f(x) - r k ) 
k 

■s/ -v/ 

So for each k, 2r k f(x). - r k 2 is in (because c/^is a vector 
lattice) , so by Proposition 7.6, f 2 is in<^. Now for any 
f , g in oK we have 



f *g = i ((f+g ) 2 - (f-g) 2 ) 



Thus, f*g are in which shows that ^ is an algebra. 

We know that if f is measurable and if | f | is integrable, 
then f = (- | f | ) V (f A | f | ) implies that f is integrable. 

I 
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8 . MEASURABLE SETS 



8.1. DEFINITION. A subset E of X is measurable if x E is 
a measurable function; E is integrable if x E is integrable. 



We will denote the set of measurable subsets of X by 

Note that if a set is integrable, then it is measurable. 
If ^ satisfies Stone 1 s Axiom, although the function 1^ is 
measurable even though it is not integrable by 7.7. Hence 
the whole space X is a measurable set (because x x = i. is 
in t X) . 

A collection 2) of sets in the power (?(X) is called an 
algebra of sets if X is in fD and if A OB and A-B are 
in iD whenever A and B are in iD . An algebra -Sis called 
a g-algcbra if any countable union of sets m JJ is in Jy . 

Define ring of sets and a-ring . 



A collection of sets in (ftx) is called a ring of sets 
if A UB and A-B are in whenever A, B are in ft . It is a 
a-ring if it is a ring that is closed under the formulation 
of countable unions. 

Thus an algebra of sets is simply a ring of sets that 
contains the whole set X. 



8.2. PROPOSITION. The collection of measurable sets is 
a a-ring . 

PROOF. We see that the empty set 0 is in <y^since the charac- 
terstic function x^ = 0 is integrable and therefore measurable. 
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Next we show that M is a ring of sets. 

Since ofC is a vector lattice, then y„ v y 

a e 1 v a e 2 

X p A X F an ^ Xp “ (X v A Xr. ) are measurable 

Ei e 2 h 1 E x E 2 

Therefore, Xp up / Xp r* are measurable 
E 1 U E 2 E 1“ E 2 



functions . 
functions by 



the previous results of Characteristic function. Thus, 

E 1 U E 2 and E i " E 2 are measurable sets. It is then clear 

that c/6 is a ring. We will show that c/fh is a a-ring. Suppose 
. n oo 

E 1 ,E 2 ,... are in db. Let G r = U E i and G = U E^ , 

i=l 1 i=l 1 

n 

also let g = x r = v X and g = x<~ • It is easy to see 
n i=l i b 

that {g n > is an increasing sequence of measurable functions 
that converges to g. For all n, G R is in because c4(> is 

a ring, and therefore g n is in oH % By proposition 7.3, 
g is a measurable function, where G is in Thus , ^/i^is a 

a-ring. 

I 

8.3 PROPOSITION. If satisfies Stone ' s Axiom , then Csf(> is 



a_ g- algebra . 



PROOF. By 8.2,^? is a -ring. In the first part of our 
discussion in Section 8, we showed that X is a measurable set 
whenever of* satisfies Stone's Axiom. Now is a a-algebra 

whenever satisfies Stone's Axiom. 
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9 . MEASURE 



The theory of measure began to develop in a period when 
the attention of mathematicians was being concentrated on 
the importance of examining very general kinds of point sets 
in Euclidean space. It was necessary to seek, for these 
point sets on the real line, something which specialized to 
length when the point-set was an interval; likewise, for 
point-sets in the plane, the "measure" was area. The 
classical theory of measure and integration, developed by 
Lebesque, stayed mainly with the sets in Euclidean space 
and with real functions defined on Euclidean space. Now, 
the development of measure theory and its applications can 
be relieved from the limitations of Euclidean space. 

In this section we will define a measure for measurable 
sets which is a generalization of the volume of an interval. 
The volume of an interval (a,b) is f X( a £) • 

The following rules hold for these operations of addition 
and subtraction with the extended ideal number 00 : if r is 
a real number, then oo ± r = 00 , and 00 + 00 = 00 . The 
operation 00-00 is not defined and is avoided. 

9 . 1 . DEFINITION. A measure is a nonnegative extended real- 
valued function defined on a a-ring c//G of measurable sets 
as follows; If E is in o/G t then 

j / X E if E is integrable 



m(E) 



00 



, otherwise 



Recall that, we have shown that E is a null set if and 
only if / x E = 0 (Corollary 6.5). 

9.2 THEOREM. If^ E and F are measurable sets , we obtain 
the following properties for the measure m: 



(9.3) 


m(0) = 0 




(9.4) 


If ECF implies m(E) 


_< m(F) 


(9.5) 


m(E UF) < m(E) + m(F) 




(9.6) 


If E D F = 0 implies 


m(E U F) = m(E) 


(9.7) 


If ECF and m(E) < « 
m(F-E) = m(F) - m(E) 


' implies 



PROOF. 

Proof of (9.3): By the result of Corollary 6.5 because 

0 is a null set. 

Proof of (9.4): We have two cases. 

If F is not integrable, then m(F) = 00 , then 
m(E) <. m(F) = 00 . 

If F is integrable, then x F is integrable. Since ECF, 
then x E 1 X F f therefore, x E is integrable and 

m(E) = / X E < f X F = ni(F) . 
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Proof of (9.5): There are two cases. 

If E is not integrable, then m(E) = «. Since ECE UF, 

E VJF is not integrable and m (E UF) = « . Thus, the result 
holds. The same is true if F is not integrable. 

If E and F are both integrable, then by Proposition 8.3, 
X E u F = X E v X F 1 X E + X F • Therefore , 

m(EUF) = f X EU F 1 / X E + / X F = m < E ) + ra(F) . 

Thus, using induction it is easy to show that 

n n 

m( U E.) < E m(E-) for every positive integer n. 
k=l 1 _ i=l 1 

Proof of (9.6): If EOF = 0, then it is easy to show that 

X E U F = Xp + Xp • 

Now, suppose that E is not integrable. Then EUF is 
not integrable and, therefore, m(E) = 00 and m(EUF) = «. 
Similarly if F is not integrable. Thus the result holds in 
these cases. On the other hand, if E and F are both 
integrable, then X E u f = X E + X F implies that 

m(EUF) = fx EVF ~- r X E + fX F = m ( E ) + m(F) • 

In either case we obtain 9.6. 

If E 1 ,E 2 ,...,E n are in c/6, and are pairwise disjoint 
sets in t/6, then using induction, it is easy to show that 

n n 

m( U E . ) = £ m (E . ) 

i=l 1 i=l 
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for every positive integer n. From this result, we can say 
that m is finitely additive. 

Proof of 9.7: If F is not integrable, then m(F) = 00 . 
Since ECF and (F-E)O E = 0 , it follows from 9.6 and 
F = (F-E)U F that 



m(F) = m((F-E)UE) = m(F-E) + m(E) . 

Therefore m(F-E) = m(F) - m(E) as desired. 

Let E 1# E 2 ,... be measurable sets and let the E^'s be 
pairwise disjoint. If 
n 

lim l m(E.) 
n-»-«> i=l 1 



exists and 



m( U E . ) = l m(E . ) 
i=l 1 i=l 1 



we say that m is countably additive . 



I 



A basic property of a measure is that it is countably 
additive. We now prove the following theorem. 

9.8. THEOREM . The measure m is_ countably additive . 

PROOF. Let {E^} be a sequence of pairwise disjoing measurable 

CO 

sets and let E = U E, . We will show that E is measurable. 
k=l K 
n 

Let F_ = U E, then by property 9.6 
n k=i k 



X F = X n 
n u Ej^ 

k=l 
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and 



is measurable. By 



ro( F n ) = 1 m(E k ) and x p 



k=l 



7.3 we have 



X E = lin» X F = E X E 
n-^« r n k=l ^k 



for a.a.x. 



The limit x E is also a measurable function. Thus, E is 
measurable as claimed. 

Now, if for some k, is not integrable so that 

oo 

m(E k ) = », then Z m(E k ) = <» . Also, since E^C E, then 
k 1 

oo 

m(E) = oo , and therefore, m(E) = Z m(E, ) . On the other 

k=l K 

hand, suppose that for all k, E^ is integrable, then 

oo 

Z m(E, ) either converges or else it diverges to infinity. 
k=l K 

oo 

Assume Z m(E, ) = 00 . 
k=l 



For all n, U E, C E , then by 9 . 7 
k=l 

n n 

m(E) > m ( ij E, ) = Z m(E, ) . 

” k=l k=l 



This inequality is true for all n, so that 



> m(E) > Z m(E k ) = 00 . 
~ k=l K 
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Finally, suppose E m(E ) converges. 
k=l K 



Then E m(E^) E m(E v ) from which it follows that 



k=l 



k=l 



{ / E m(E, ) } is bounded. Since Xt? = £ Xr? / hy Levi's 

k=l * E k=l E k 



theorem 6.2, E’ converges and Xr? = 2 Xv is 

k=l ^k E k=l E k 

integrable. Also E is integrable and 



m(E) = / X E = £ / X E = l m(E k ) 

k=l k k=l 



concluding the proof of the theorem. 



If we drop the 'requirement that the sets be pairwise 
disjoint in the previous result, we obtain the following 
proposition whose proof is similar to that of Theorem 9.8 
above . 



9.9. 

then 



PROPOSITION. I_f {E^} is a sequence of measurable sets , 



00 oo 

m( (J E, ) < E m(E, ) . 

k=l K “ k=l 



In the next chapter, we will consider the concept of 
measure and its theoretical aspects in greater detail. 
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III. SECOND APPROACH TO INTEGRATION 
VIA MEASURE THEORY 

1. INTRODUCTION 

Measure theory in recent years has shown itself to be most 
useful for its applications in modern analysis. In this 
chapter, the approach to integration is via measure theory. 

The development begins with a nonempty set X, a a-ring 
cMo of subsets of X, and a countably additive, nonnegative, 
extended real-valued function m defined onO^Swith the property 
that m(0) = 0. Then (X//^,ni) is called a measure space . The 
subsets of X which are in J(o are called measurable sets and m 
is called a measure. The value m(E) is called the measure 
of E. 

The measure m may be induced by an "outer measure" by 
reducing the domain of m* to the available a-ring ^^of 
measurable sets. 

After we obtain a measure m on the C-ring of measurable 
subsets of X, and by a parallel formulation that characterizes 
the condition of a continuous function, we define the concept 
of a "measurable function" f: X R . The class of measurable 
functions forms a vector lattice as well as an algebra. 

We next define the class of integrable functions on a 
measurable set E in three steps. First, the integral of a 
simple function is defined which is then extended to the class 
of integrable nonnegative measurable functions. (This is done 
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by taking sequences of nonnegative simple functions, each 

of which is integrable function on E . ) Finally, utilizing 

the relation f = f + - f we can obtain the integral of any 

measurable function which may also assume negative values. 

The chapter concludes with the very important Lebesque 

Dominated Convergence Theorem which gives conditions under 

which lim f f = / lim f ; i.e., under which the operations 

E E 

of integration and taking limits of sequences can be 
interchanged . 

2. ADDITIVE SET FUNCTIONS 

We now consider a nonnegative extended real-valued function 
m R , where t/^is a nonempty class of subsets of a nonempty 
set X. Such a function is called additive if the range of m 
does not contain both and +°° and if 

(2.1) mCE-^ e 2 ) = m (E^) + m(E 2 ) ; 

whenever and E 2 are ‘in c/(b such that E 1 U E 2 is inland 
E l° E 2 = 0 • 

In the case that is a ring, we can prove by induction 
that the additive function m is finitely additive in the 
following sense: if E 1 ,E 2 ,...,E n are disjoint members of t/6, 

then 

n n 

(2.2) m( U E.) = Z m(E.) . 

i=l i=l 
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From this, if there exists E in c/fl? such that m(E) is 
finite, then E^ = E and E 0 0 = 0 implies 
m(EU0) = m(E) + m(0) = m(E) . Hence m(0) = 0 . 

If m is additive on the ringc/6, and if E, F are in 0^6, 
with FCE and m(F) finite, it is easily shown that 

(2.3) m(E' - F) = m(E) - m(F) 

The above is called the subtractive property of m. To 
prove (2.3), we write E = (E-F)Uf , use the fact that m(F) 
is finite, and apply (2.1). 

Let cAlb be a ring. If the measure m is additive and has 
nonnegative values, then it is monotone : that is 

m(E) ^ m(F) whenever E , F inland ECF . For if E and F 
are as indicated, we can write 

F = E U (F-E) and m(F) = m(E) + m(F-E) . 

Since m (F-E) ^ 0 , it follows that m(E) <_ m(F) . 

Now, suppose the range of m icifr- R* = R {-oo,+oo} has 
at most one of the values -», +°° . We recall that m is 
countably additive if, whenever ^i'^2' aaa an< ^ V ^i are 
Ofio and the E^'s are pairwise disjoint, then 

n 

lim I m(E^) 
n->°° i=l 
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